11 Gravity, the speed of light and special relativity

Nature and Nature's laws lay hid in night:
God said, Let Newton be! — and all was light.

- Alexander Pope

11.1 Kepler

In the 16" century the prevailing model of the cosmos was that the Earth was at the centre and the
planets’ orbited in perfect immutable circles set upon crystal spheres beyond which were the stars set
upon the vault of the heavens.

Moon Earth Venus Sun Mars

The cosmos as seen in the 16™ century.

Johannes Kepler (1572 — 1630) observed that comets, even when observed by the naked eye could be
seen to break this simple structure . They quite clearly did not fit in this model, indeed if interpreted
literally they would break the crystal spheres. Kepler, through pure observation and long analysis
identified that their motion could be best explained by movement in an ellipse.

! In this model planets includes the Sun and Moon as they were seen to wander against the background of the
fixed stars.

Further Astronomy 11-1



Focus 1

-
sun

Perihelion

An elliptical orbit of a planet
[greatly exaggerated)

But in this model what told the comets to move? If they were in the empty space between the planets
and would change path from a circle to an ellipse then what caused that change? Kepler hypothesised
a force like magnetism that would stretch between the planets and influence the movement of the
comets. Kepler’s observations and deductions were purely observational and while they described the
movement of comets and planets they offered no explanation.

Kepler’s laws of motion
Kepler identified three laws which governed the movement of planets and comets;

1. All planets move in elliptical orbits, with the sun at one focus.
2. A line that connects a planet to the sun sweeps out equal areas in equal times.
3. The square of the period of any planet is proportional to the cube of the semimajor

axis of its orbit.

Kepler also imagined how the oppositions of Mars from Earth could be modelled by treating it as a
conjunction of Earth seen from Mars. Indeed not only was it equally valid to do so it was easier and
more accurate to treat the Earth as the moving body. Kepler is already at this point moving to the idea
of the laws of physics being identical in all locations.

Somnium (The Dream)

In 1608 Johannes Kepler wrote Somnium (The Dream)®. Originally written as an imagined defence of
the Copernican model it describes how in a voyage to the Moon the Earth would appear to move from
that viewpoint just as the Moon and planets appear to move from the Earth.

While not primarily written as a scientific work it does show how Kepler had made the intuitive leap
from rules which apply on Earth applying everywhere and being indistinguishable in different
locations.

11.2 Newton
In the Principia Mathematica Newton identified the universal law of gravitation;
GMm

! Although written in 1608 it would not appear in print until 1634 but it does give an insight to the development
of Kepler’s thinking at this time.
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and then demonstrated how it automatically produced the movement observed by Kepler. Kepler
described the motion of the planets but it was Newton who explained them.

As described by Newton the force of gravity is an attractive force between two bodies that is
proportional the product of their masses and inversely proportional to the square of the distance
between them.

But what actually is it?

To Kepler and Newton this was a force similar to magnetism. Remove the magnet, remove the mass
and the force would go away. How quickly would it go away? Kepler and Newton viewed it as an
instantaneous force.

How strong is gravity?
We are used to gravity dominating our lives but how strong is it?

Imagine a proton and an electron in a hydrogen atom.

Electron

How strong is the gravity between them and how strong the electrostatic attraction?

The force of gravity is

GMm
Which for an atom is about 1 x 10*' N
The force from the charges is
F= Q10>
4meyr?

Which for an atom is about 2 x 10° N

Electrostatic forces are some 10* (1,000,000,000,000,000,000,000,000,000,000,000,000,000) times
stronger than gravity!

11.3 The speed of light
Historic models of light
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The ancient Greeks described light using a “corpuscular model”, light was a stream of particles that
travel from the observer to the observed item and are then reflected. This model automatically had the
idea that light travelled but had a great deal of problems for example why could we not see in the dark
if the eye sent particles out to an object and so it fell out of favour. By the renaissance light was
thought of as a “beam” from a source to the observer. Curiously it had moved away from a model in
which the idea of travel was an automatic assumption to one in which it could move instantaneously.

In the era of telescopic observations the idea light having a speed was re-established and it became
possible to measure the speed of light. Measuring the speed of light is difficult simply because of the
vast speed it travels. At 300 000 km s™ accurate measurements are difficult!

Jupiter at
opposition

Jupiter near
conjunction

Rgmer’s method for measuring the speed of light

In 1676 the Danish astronomer Ole Rgmer demonstrated the speed of light using a method derived
from observational work. The orbits of the planets and moons of Jupiter were by this time well
established and could be predicted with reasonable accuracy. Observations of eclipses of Jupiter’s
moons showed a discrepancy. At opposition the eclipses would occur ahead of schedule and at
conjunction they would occur behind schedule. Rgmer reasoned that the discrepancy was due to the
additional time that light would take to travel because of the changing distance between the Earth and
Jupiter and it then became a simple matter to calculate the speed of light.

Using this method in 1676 Rgmer estimated the speed of light to be 200 000 km s™. By 1728 James
Bradley had refined those measurements to 300 000 km s™. Bradley used an alternative method.
Again his method was astronomical but he depended on the aberration of starlight. The aberration of
starlight is an effect in which the light from stars appears to arrive at a slightly different angle because
of the movement of the Earth around the Sun.
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The aberration of starlight.

11.4 Newtonian Relativity

Most people when they hear the phrase relativity immediately think of Einstein but relativity predates
Einstein. As an overall term relativity simply refers to how things appear when two different
observers move relative to one another.

According to Newton (and Kepler). All observers are the same. There is no reason for the rules which
govern how the universe appears to one observer to be different to those for another observer. This
was very easily demonstrated when Kepler showed that observers on two different planets would have
the same descriptions of each other’s movements even though they might not agree which one is
moving. It was shown in the theories of Newton when he described his law of gravitation as universal
and it can be shown with a simple thought experiment ...

Imagine that you drop a coin and observe it. It falls straight down
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Falling coin as seen by observer 1 (on train)
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Now imagine that you drop a coin while on a moving train as it passes a platform. To someone on the
platform the coin will still appear to fall down but it will also appear to move sideways;
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The falling coin on a train as seen by a stationary observer

Now change the observers around. Someone on the platform drops a coin and watches it. They will
see it fall straight down;
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The falling coin as seen by observer 2 (on platform)

So far nothing is unusual about this. Falling objects go straight down unless you throw them sideways
at the same time. But now consider how the coin dropped by the observer on the platform appears as
viewed by the observer on the train. Remember that the only thing they will observe are the coin and
any reference points they have in the train. The coin will appear to fall but also travel sideways
compared to the train.
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The falling coin on the platform as seen from the train.

The question is; purely from the observations of the coins falling is there any way to tell which
observer is moving and which is stationary? There is no way to identify a difference the same rules
and conclusions will be true in both which leads to the first postulate of relativity;

All inertial frames are equivalent.

It might seem that you should be able to identify a difference for example if an aircraft pass through
the speed of sound both the pilot and ground crew will agree on who is moving.

No debate here about who is moving

What is happening here is that there is an absolute frame of reference outside of both observers. In
this case the air through which the aircraft and sound are both moving. The observers identify their
movement relative to that frame. Is there such an equivalent for light? Is there a universal frame of
reference?

There was a famous experiment by Michelson and Morley in 1887 which attempted to identify such
an absolute frame. In this experiment two beams of light would travel at right angles to one another. If
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there was a universal medium through which light travelled; the “aether” as it was sometimes
described then there would be an apparent difference in the speed of light as measured in each
direction.
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The Michelson — Morley experiment

No such aether was detected and people started to move away from the idea that there needed to be a
medium through which light would travel.

11.5 Maxwell and the speed of light

And God said ...
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... and there was light

James Clear Maxwell was a Scottish physicist who worked in the area of electricity and magnetism. It
was known that they were closely linked and he created a set of equations which described how they
behaved. Ignoring all the hideous detail in the box above the last of Maxwell’s equations describe
how a moving electric field creates a moving magnetic field. It is also a wave equations, that is to say
it describes something move as a wave so we can work out the speed of that wave. When we do this it
suggests that electromagnetism is a wave moving at the speed,
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Which gives an answer of
v=3x10°ms*

or the speed of light!

The speed of light in the past
Uy is the permeability of free space — a property of magnetic fields in a vacuum.
&, is the permittivity of free space — a property of electric fields in a vacuum

Those values have effects on other phenomena besides the speed of light. For example it is possible to
create different lines in a spectrum by splitting them in a magnetic field. Measuring the strength of
that effect in starlight allows us to measure the values of u, and. &, when the starlight was created and
so indirectly the speed of light when the starlight was created. As the starlight has taken time to reach
us we can then confirm that the speed of light in the past was the same as now.

These values are also the same for all observers regardless of their movement. If that was not true then
electricity and magnetism would behave differently for different observers depending on how they
move which is clearly not observed.

At this point we get to the points which appear counterintuitive.

This means that the speed of light is the same for everybody regardless of how fast you are moving. If
I stand still and shoot a rifle the bullet will move forward at 1000 km / h. If the same bullet is fired
from a plane moving at 500 km / h it will move forward from an observer on the ground at 1500 km /
h (1000 km / h + 500 km / h = 1500 km / h) and from the observer in the plane at 1000 km/h.

If 1 stand still and shine a torch the light will moves at 300 000 km s™. If the same torch is shone from
a spaceship moving at 100 000 km s™ it will move forward from the observer in the space ship at 300
000 km s™. To the observer on the ground it will move forwards at 300 000 km s™. In this case 300
000 + 100 000 =300 000 !

Is this true? There is a simple observation that confirms this. Imagine a binary star such as Algol;

In that system there are two stars orbiting one another such that at some times we see one approaching
and the other receding and then their positions swap. In between the stars eclipse one another and we
can measure the eclipses and light curves. The two stars are 90 light years away.
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When one star is approaching, if the speed of light was affected by their movement, the light from that
star would overtake the light from the receding star. The light curve would be displaced by up to two
hours from the expected position. The fact that the light curve is unaffected is a confirmation that the
speed of light is unaffected by the speed of the source.

11.6 Einstein and Special Relativity
Nature and Nature's laws lay hid in night:
God said, Let Newton be! — and all was light.

It did not last: the devil, shouting "Ho.
Let Einstein be,” restored the status quo.

Lorentz contractions

After Michelson and Morley failed to find a medium which would carry light it was postulated that
one of the reasons was that space or time were being distorted. If the speed of light had changed but at
the same time the space around it had distorted then the two effects would cancel one another How
much would it need to distort?

The Lorentz contraction
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So as it now takes less time than we expected for the light to travel how much has it been changed?.
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We reach the conclusion that all laws are the same for all observers. What changes is our observation
of those laws

Space time diagrams

At this point it is worth mentioning space time diagrams. We will not make much use of them but
they are common so it is worth introducing them. In the example of Newtonian Relativity we had a
diagram which should the two coordinates that a falling object followed; its x coordinate and y
coordinate. In the real world we have three co-ordinates up-down, left-right and forward-back or in
physics speak x, y and z. There is no value in knowing any of those if we do not also know when we
are talking about; telling you exactly where to meet is no use if I don’t also specify when to meet so in
practice we need to add time to that so we have four co-ordinates X, y, z and t. All we need to do to
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know exactly what happens to any particle, any object is to give all possible values of those
coordinates and the easiest way to do that it show it as a graph, just as we might have a graph of the
height (y) of a falling coin at any time (t). That graph of coordinates and time is a “space time
diagram”
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A space time diagram

The line that an object follows is known as its worldline.

11.7 E = mc?

Classically objects have energy because they move; a property we call kinetic energy. In practice we
can only every measure differences in energy (holding onto a 300 000 volt line will not kill you,
holding 240V and 0V at the same time could kill you!) so we can add an arbitrary offset to any energy
and it would be the same effect. Einstein determined that the constant offset could be expressed as

muv?

E =myc? +
0 2
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Kinetic energy and energy differences
Any moving object has a kinetic energy which is

_ mv
)
As we can only measure differences we can add an arbitrary offset
Eokt ™
B 2
Einstein established that this was the same as;
2
mgyC
E= — :
v
1=

Which at low speeds is; E = k + %mvz. At zero speed; E = k = mgc?

At high we use the relativistic equation

All of this might seem very abstract and inapplicable to the real world but it does have real world
application. The GPS system for navigation depends on satellites travelling at high speed and in
difference gravitational fields. Under those conditions time behaves differently for the GPS satellites
and GPS receivers. Every time you use satellite navigation in your car you have to allow for time

travel!
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12 General relativity and gravity

12.1 The Twin Paradox

All observers are equal. So imagine two twins; one stays on the Earth while the other boards a fast
spaceship and heads away from the Earth. From the point of view of the twin on Earth time for the
twin in the space ship is slowed down by a factor of;

But as their situations are symmetrical the twin on the spaceship sees time for the twin on Earth
slowed by

2

Now the twin who left Earth turns around and returns to earth. The time dilation depends on the
square of the speed to the change of direction does not change the time dilation so from the point of
view of the twin on Earth time for the twin in the space ship is slowed down by a factor of;

, 1
i
v
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But as their situations are symmetrical the twin on the spaceship sees time for the twin on Earth
slowed by

Now they compare their clocks. The twin who travelled away from Earth has aged by;

1
tspace = tearth—z
1 v
NT T2

And the twin who stayed on earth has aged by;

1

tearth = tspace

N
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So the twin who travelled into space is younger than the twin on Earth ... and the twin on Earth is
younger than the twin who travelled into space!
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This seems like a failure of relativity but the situations are not quite identical. One twin has had to
accelerate to leave the Earth, accelerate again® to turn around and accelerate again to stop when they
return to the Earth. The failure is because they are not inertial frames at all points. The twin who left
Earth has undergone acceleration and deceleration so the situations are not symmetrical. Our first
postulate was that all inertial frames are equivalent and in this case we have one non inertial frame.

So how do we handle acceleration?

Return Event

Inbound Leg

Turnaround

Tarance

Qutbound Leg

&larl Event

Figure 1: The Twins' Warldlines

Looking at it with a space time diagram the world lines are clearly different. One world line has had
to curve in order to bring the two twins back together. If they had both been inertial frames the two
world lines would both be straight lines and they would never meet again to compare clocks.

We need to change our interpretation of relativity to allow for acceleration.

Special and general relativity

What makes relativity special or general are the cases to which it applies. Special relativity only
applies to the special case where objects are not accelerating. General relativity applies to all general
cases.

12.2 Gravitational Redshifts
Let us start by considering two cases in which acceleration makes things indistinguishable. Just as we
started with cases in which things were not accelerating and we could not distinguish between them it

! In physics acceleration can mean either acceleration or deceleration. The only difference is the a plus or minus
sign at the beginning.
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is possible to imagine a case in which the same is true for acceleration. Imagine a spaceship which is
accelerating through space far from any planets or source of gravity. As the spaceship accelerates
objects will be dragged to the back of the spaceship. Now imagine the same space ship that has landed
on a planet. Now objects are dragged to the back of the spaceship from gravity. Both cases are non-
inertial, one involves movement one does not. Is there any way to distinguish the two cases?

00O

>

Equivalent non-inertial frames
Unsurprisingly there is no way to distinguish the two cases.

What effect does this have on our measurements? Imagine a clock at the back of a space ship which is
accelerating. The clock sends flashes of light from the back of the spaceship to the front of the
spaceship. Each subsequent pulse will have further to travel as the spaceship is accelerating. So at the
front of the spaceship the pulses will arrive less frequently than when they left the back of the
spaceship. In terms of a wavelength the light from an object that is accelerating away from us will be
redshifted.
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Light pulses in a space ship

This is a case when a space time diagram can make this easier to see. The red and purple lines are the
back and front of the spaceship respectively. They curve because the spaceship accelerates. The blue
and green lines are the first and second light pulses respectively. The first pulse is emitted at zero
seconds and takes 1.2 seconds to reach the front of the space ship. The second pulse is emitted at 1
second but takes 1.5 seconds to reach the front of the spaceship. There is a time dilation because the
spaceship is accelerating.

Remembering that we cannot tell the difference between the acceleration due to gravity and
acceleration due to other causes it becomes apparent that this will cause light in a gravitational field to
be redshifted. More generally there is a time dilation due to the effect of gravity™.

Gravitational redshift
Doppler shift frequency (non relativistic)

Gravitational redshift

Let us revisit the twin paradox;

age difference

) N

inertial twin's non-inertial twin‘s
rest frame rest frame

Without going into the maths we can see that as the twins have different world lines they will have
moved different “distances’ through space time?. Although they meet again that difference in distance

! This is in fact the largest cause of time dilation when using GPS. The time dilation due to movement is easier
to describe but is a smaller effect.

2 Although it might sound odd just as in space a distance is measured between two points with three coordinates
in space time it can be measured between two points with four coordinates one of which happens to be time. A
distance in space time can be either a distance as we experience it or a time gap. Mathematically there is no
difference.
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equates to a difference in time. If the maths is followed through the difference in age appears from the
time dilation while one twin is accelerating.

12.3 Warped spacetime
According to Newton gravity was a force that acts on masses;

GMm

If something has no mass then it cannot create a gravitational field or be subject to one. Light is just
such an item; it has zero rest mass' so should be totally unaffected by gravity. Essentially light should
always travel in a straight line.

Imagine a spaceship again we watch the spaceship from outside and see it cross the path of a photon.
From our point of view the photon travels in a straight line. If we are in the spaceship moving at a
constant speed we will see the photon move in a straight line. If we are in the spaceship and
accelerating we will see the photon travel along a curved path.
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Zero motion constant velocity acceleration
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The path of a light bearn in three different types of reference
frames roving with respect to the person ool the elevator
The light path shcwn is what the person fsfde the elevator sees.
Under large acceleration, the bearn of light will curve downvward.

It should also do that ina region of strong Qravity.

Remember acceleration and gravity are equivalent so in this model we should be able to see light
affected by gravity and follow a curved path. We have a prediction that should confirm the truth or
otherwise of relativity. The only problem is that without find a ludicrously heavy object we will not
be able to see this effect. Gravity is by far the weakest force in the universe.

The experimental confirmation was managed in 1919 by using the Sun as the source of gravity.
Obviously in normal circumstances there is no way to observe starlight against the glare of the Sun

! Classically this is an observed property but in relativity it becomes true because only by having zero mass can
an item get to the speed of light.
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but in 1919 observations were made during a total eclipse and starlight was seen to bend exactly as
predicted by Einstein’.
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Deviation of starlight by gravity as predicted by general relativity

Since then this is an effect we have seen occur naturally in a number of objects in deep space where
the light from distant galaxies is bent by intervening galaxies? and we see an effect we refer to as
Einstein rings.

! The telescope used to make those observations is the telescope now housed in Dome D at the Observatory
Science Centre in Herstmonceux.
2 Dark matter can also cause the effect and these are now one piece of evidence for the existence of dark matter.
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An Einstein ring

So why does light bend? If we drop a feather and bowling ball in a total vacuum what tells the two
objects to bend by the same amount? The model we use is the idea of curved space time. The track in
a velodrome is banked to allow cyclists to travel faster; as the travel around the banked curve they do
not turn as much as if they were to travel on a level track. In curved space time every object follows a
straight path; it is space itself that bends. This is another example of one of the counterintuitive
conclusions of relativity that leads to a correct solution and mathematically works but for which it
would be perfectly understandable to say it makes no sense. To us, used as we are to travelling and
non relativistic speeds in weak gravitational fields, it is something for which we can have no
experience and so it is not surprising that it appears counterintuitive®.

At this point we enter realms where everything which you thought you knew starts to break down; the
angles in a triangle do not have to add up to 180°, parallel lines can meet, the shortest distance
between two points is not always a straight line and points do not necessarily have no dimensions!

Curved space possibilities
There a multiple ways that space could curve.

It could be completely flat. In this the universe is largely unaffected by relativity and will continue to
expand forever in a more or less stable condition.

It could be “positively curved”. The universe is curved in such a way that it is closed on itself. The
universe is not infinite but, like the surface of a sphere, has no edge.

It could be negatively curved. The universe is curved but in a way that means that it is unstable and
will expand forever.

! An interesting analogy is to think that insects such as waterboatmen would probably have no concept of
gravity because they live on a scale at which they simply do not experience it.
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The “flat” condition is extremely unlikely and most solutions create an unstable Universe. This was a
solution that Einstein found unsatisfactory and so tried to avoid by adding a “cosmological constant”
to his equations to keep the universe stable. Later the work of Hubble and others identified that the
Universe was unstable and expanding and Einstein referred to the cosmological constant as his
greatest blunder.

Other ways to test relativity

The planet Neptune was found by Le Verrier in 1841. It was discovered by analysing the orbit of the
planet Uranus. Newton’s laws allowed us to predict accurately the positions of the planets and this
worked well but Uranus did not behave. It was observed to deviate from where it should be so Le
Verrier postulated that there was an additional planet and used the deviations in the orbit of Uranus to
identify the location of that planet. When his prediction was tested it was found to be correct and
Neptune was found exactly where and when he said it would be.

Following that people applied the same logic to the other planets. For Mercury a similar discrepancy
was found so people postulated the existence of a planet between Mercury and the Sun. Tentatively
named Vulcan', after the god of VVolcanoes, people looked for transits of this planet and some people
believed that they had found it. When the numbers were recalculated using Einstein’s version of
gravity the discrepancy went away.

Perihelion
advances

@

Planet
Deviation from Newtonian orbits in relativistic orbits

The planet Mercury is near enough to the Sun that it is worth using Einstein’s version of gravity. The
difference is miniscule but it is detectable?,

12.4 Black holes and relativity

Another effect which drops out from relativity is the prediction of black holes. The maths of general
relativity predicts that in a sufficiently strong gravitational field time and space would be so distorted
that it would close off a region of space from the rest of the Universe. It would be impossible to leave
such a region. This was another conclusion that Einstein rejected or at least thought would not occur

! Nothing to do with spock!
2 We still refer to asteroids that have orbits within the orbit of Mercury as “Vulcanoids”. An unusual term purely
because they are rare.
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because while the maths predicted it there was no physical mechanism known which could create
gravitational fields strong enough to create that effect.

Escaping from a black hole

In a classical model of a black hole the escape velocity can be calculated and we can say that anything
that is travelling slower than that speed cannot escape. This is not true. It would be possible to
imagine a scenario in which one incrementally steps out of the black hole rather than depending on
the velocity you have at any point. It would be rather like using a “space elevator” ...

The way out of a black hole?

With a space elevator you can leave the planet without ever reaching escape velocity. In a black hole
this doesn’t work not because the escape velocity is too high but because time dilation becomes
infinite. You may have enough energy to get out but it will take infinitely long to do so
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Escaping from a black hole
So why can we not escape from a black hole?

Look at that gravitational redshift again

What happens if the second term exceeds 1? i.e.
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We have reached a point of infinite gravitational redshift. Look at that in our rubber sheet model

The gradient of the warped space time has become infinite. It does not matter what speed we are
travelling spacetime has distorted to the point where it will take infinitely long to climb out of the
gravitational well.

In more advanced models the situation can become a lot stranger; space and time can swap places,
space time can be dragged along by masses, rotating black holes can create space time loops and time
machines are possible!".

The problem with black holes is that we reach a point where all known physics breaks down and there
is no known way to obtain information about the inside of a black hole. At the moment once we have
passed the Schwarzschild radius we have no information and no immediate prospect of getting any
information.

12.5 Falling into a black hole
So what would happen if you fell into a black hole®?

From your point of view the immediate though surprising answer is “nothing”. All reference framnes
are equal so you would not notice any change. You would not even notice anything as you crossed the
event horizon; the point of no return would be unnoticed by you. From the outside the view would be
very different.

Time dilation and a gravitational redshift would mean that an external observer would see your clock
move slower and slower and the light they see from you would become redder and fainter. Ultimately
from an external observer’s view point you would be frozen at the surface of the black hole.

On the larger scale what would happen? Without any mechanism to stop them would black holes
eventually consume everything? The answer is yes but on a time scale so large that the Universe could
well have, to all intents and purposes, ended by then. To swallow an entire galaxy would take some
10%" years. A time so long that even the longest lived stars would be distant memories by then.

! According to the maths.

2 For the purpose of this argument we will ignore minor points such as being shredded by tidal forces, ripped
about by the intense ionising radiation or even the sphagettification of our victim. In the usual phrase of text
books that is “left as a problem for the reader”!
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